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Hemoval of any Two Terms from a Binary Quantic by 

Linear Transformations. 

By Bessie Growe Morrison. 



In his "Bericht," p. 179, Meyer has enumerated the various steps in the 
history of this subject. 

More recently, H. B. Newson (Annals of Math., vol. XI, Nos. 3 and 4, 1897) 
showed that every non-singular quantic of odd degree may be linearly trans- 
formed so that its middle term shall vanish. 

We propose to discuss those linear transformations by which any two terms 
of a binary quantic disappear. 



r, n — K' 



§1. — Covariants C n _ r> K and C 

r= (1, 2 n — 1) 

* = (1, 2 n — 1) ^ 

If to the quantic /= a" we apply the transformation 

z 2 = a, z[ + (i 2 zj j 

then /" takes the form 

(A) f'(z') = otfaf + (?) ar'a, ^~ 1 ^ +.■••< *£"■ 

If by a transformation T any two terms of/' vanish simultaneously, the neces- 
sary and sufficient condition is 

(1) al<- r = f r = (0, 1,2, n — 1) 



(2) <""<= }* = (0,1,2, n— 1) ^ 

The condition that (1) and (2) vanish simultaneously is that the resultant in 
(W, R n -r, K > or the resultant in %, R r ,n-*> vanish. 
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Hence the problem is to eliminate h or ^ between (1) and (2). 
Either resultant contains the factor /. Let (i be a root of/ = a", then 
< = 0. 

(1) /(„)-' = «-', 

(2) /„'=<-«;. 

It is evident that (1) and (2) vanish simultaneously for z = (i; 

since oc£ a" _r = a" = 0, 

and o£- K a;i = a£ = 0. 

Therefore /is a factor of R„- r <K and similarly if Jl is a root of/, then also is 
/a factor of R^ n ^ K . 

Now if /I and ^ have values which satisfy /= a", a" = and a™ = 0. Hence 
in A the first and last terms vanish. Since this case is so simple we exclude it 
by dividing/ out of jR„_,. jlt and R r , n -K calling the remaining functions C n _ r))e and 
G r>n _ K respectively, where 

(r=(l,2,....n-l) . 

! as = (1,2, .... n — 1)' ^ 

R n -r,K and i2 ri „_ K are both of degree [ (w — r) (n — x) + «?"], 
and (7 n _ r>K and C ri „_ K are both of degree [(n — r) (n — x) -\- xr — n] 

§2. — Properties op X-Points and ^-Points. 
From the consideration of 



(1) / M .-. = «-' 

(2) Uf =«rx 

and (3) f w r =ai 



(4) / w »-.=«>r J 



it can be shown that the z-points, or common values of (l) and (2), are the X-points 
R>r,n-Ki an d the s-points, or common values of (3) and (4), are the ^-points of 
R n -r,K', i- e. if the u's are the roots of R n ^. rK and the h's the roots of R r ,„- K , then 

(5) <<-"• = 0, 

(6) otf-'X = 0. 
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Similarly if theVs are the roots of B n _ r , K and the (i's the roots ofB rn _ K then 

(7) arX = 0. 

(8) ajlaj— = 0. 

There is a one-to-one correspondence between the ^'s and /I's : For the root ^ 
of the resultant B n - r , K there is a common root \ to (1) and (2); also for the root 
/Ij of B r ,n- K (3) and (4), have the root ^ x in common. 

Give to (i in !Tthe values of the roots of G n _ r>K and to X the values of corre- 
sponding roots of (7 r „_ K , calling the resulting transformations T n _ r , K , then by 
Tn-r,K> the (n — r + 1) 8< and (x + l) 8 ' terms off vanish. 

Interchange %'s and (i's, obtaining T ri „_ K , and by these transformations the 
(r + l) st and (n — x -+- l) s * terms of/' vanish. 

jT n _,. iK and y rin _ K each consist of [(w — r) (n — x) -f- *r — n\ transformations. 

Case x = r; B n _ r<K and B r<n _ K coincide and we call this function G r , which 
is of degree 2r (r —r n) -f- n (n — 1), an even number. 

It is easy to show that the roots of G r go in pairs which have reciprocal 
relations; the root common to r th and (n — r) th polars of ^ is %i and the root com- 
mon to (n — r) th and r th polars of ^ is (i v 

This reciprocal relation we call correspondence, and denote the corresponds 
ing roots by : 

Give to /I and ft in lvalues of pairs of corresponding roots of G r and we get 
a set of 2r (r — n) -\-n (n— 1) transformations T r , by which the (r + l)*' and 
(n — r + l) st terms of/' vanish. 

§3. — Form of C„_ r>K and ri „_ K . 
1) r = 1 

(!) /w- , = a.a"~ 1 . 
(2) / M « =ar<. 

To compute B n _ r<K in symbolic notation put 
38 



290 Morrison : Removal of any Two Terms from a 

_ f [^-lyj-i^-i ....to(«-«)factors].| 
"- 1 '" " I [ (a/8) (ay) (a«) . . . . to (» - *) factors]. J " 

2) r=a = 1. 

7^ = a^ Q3J- 1 yl~ l to (n — 1) factors] [ (a/8) (ay) to (n — 1) factors]. 

3) r = 2, (« — x) even* 

J?.-*. = ^ < (aa')-" [ft" 3 #•"• (flS')* ^Vr' (wO" • • • • to ^p factors]. 
- VLZ=± . a - a /j (aa')-"- 8 . ft"' /8T ' (a/3) 2 (a'/?') 3 [y?" V" -8 

X (y/) 8 .... to "~*~ 2 factors ] . 
+ (n-K)^-x-S) o . o/ . (aaT -. K -4 fl.-1-^-i yj-iy^- ( a /3) (a'y) 

(a/3') (a'y 7 ) . [^- 2 ^~ 2 W 3 • • • • ^ n ~~^~ 4 factors] 
+ etc. + 

AT* Z 3 '" -3 (a/8) 8 WT ■■■■ to ^=-? factors' 
.y*r % y*-\a!yfWf .... to *LZ1? factors _ 



1 n — k — 



(2) 



a;K 



4) Means of obtaining G n _ r ^ K or G r>n _ K when formulae become complicated. 
a) Let a be a root of G n _ r<K and c the corresponding root of C r>n _ K . In T 
give |« and A, these values respectively, 

then ^i = c 1 z{ + c(j4, 

z i = c^z[-\-a % z^, 

which is a transformation of the set l 7 „_ r , K . 
Apply this transformation to, 

<?...—« = (cz) ( )• 

then G' r>n _ K = p 1 zi( ). 

Therefore the first coefficient of (7^„_ K must be zero. 

* See " Resultant of Binary Quadric and n-ic" by Professor H. S. White, Bulletin of A. M. Soc, 2nd 
series, Vol. I, No. I. Also Clebsch, " Binare Formen," pp. 84-88. In this paper Professor White points out 
the changes necessary if we assume the order of /as odd, and we find that his formula would become 
much more complex, hence our formula would be extremely so. 
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b) Let a and c be two corresponding roots of G r , 
then 

% = Ci z{ + «i 3a 
% = e a s{ + a a ^. 
belongs to 2* r . 

Apply this transformation to 

a = M( C2 )( ), 

then ^ = p 2% '^ ( ). 

Therefore the first and last coefficients of G r must be zero. To sum up for future 

reference : 

by T n _ r<K the (n — r + 1J* and (x + l) s * terms of/' vanish, 

by T n _ r>K the last term of (7„_,. iK and the first term of G r>n _ K vanish, 

by T T>n _ K the (r + l) st and (n — x + l) st terms of/' vanish, 

by T r<n _ K the first term of (7„_ nK and the last term of G r<n _ K vanish. 

Using these results in the applications, we can determine the form of the desired 
co variant in each particular case. 

§4. — Applications op the Theory. 

1) The Gubic. 
n = 3, n — r~p-x, hence the only values for r and x are r = x = 1. 

/(m) 2 == a « a M > 

/(f) ~~ a « a M * 

•■■ Bi = «* « rl W) («y) 

= i/.(a/3)X&- 
or ^ * = (a/3) 3 a & = A of Clebsch. 

If (?! = (a/?) 2 a„ ^ = (z' |) (z'57), we can give to X and (i the values of the 
roots of G x . 

Hence /can be transformed by T x in two ways so that its 2nd and 3rd 
terms shall vanish. 

2) Quartic. 
there are two cases, r = x = 1 ; r = 1, x = 2. 

* Always omitting the numerical factor since we are to consider only the roots of the covariant. 
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a) r = x = l. 

JM 3 == a s a v- > 
/(n) — *« <*n • 

=f.a^»Jl(aPf(a?>), 
=/. T. 
Oi=a„.fc hi (a/3) 2 (ah) = T of Clebsch. 

By the six transformations T x the 2nd and 4th terms of/ vanish. 

b) r=l,x=2. 

/(/!.)* — a 2 a fl • 

B^ = al(3lyl(a(3)(ay) 

= if(ayyalyl=if.H. 
G 3 ^ = (ayfalyl = H. 

/(A) — a 2 a A ) 
/ — 2 2 

/<A)2 — a z a x . 

Prom §3, 4), a), if we apply a transformation of the set ^,_ riK to 6v iK _ K , its 
first coefficient will vanish. Also by the transformations T n __ r ^ K the (n — r, + l) sfc 
and (x + l) st terms of/' vanish. 

But by actual trial (Hi — fj) is the only combination of fundamental cova- 
riants whose first coefficient in the transformed form vanishes, and which is of the 
same degree and order as (7 12 . 

Therefore C lti = (Hi — fj), where * and/ are the invariants of the quartic. 

The quartic can be linearly transformed by the four transformations T Sy% so 
that its 3rd and 4th terms vanish, and by T lt2 so that its 2nd and 3rd terms 
vanish. 

3) Quintic. 

There are four cases ;r = x=l;r=:x=2;r=l, x = 2;r = 1, x— 3. 
a) r ■=■%■=. 1. 

/w =a « a i<i 
Ri = a, ft yi K si (a/3) (ay) (ah) (as). 
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To express this in terms of fundamental covariants ; * multiply 

2& y „ (o0)(oy) = ft (ay) 2 + yj (a/3) 2 - a» (/3 r ) 2 , 

by 25 M e M (ao)(ae) = % (ae) 2 + ej (a£) 2 - a* (&)», 

and then by a„ ft y» 61 el . 

Assembling identical terms 

4 B, = 4a M ft yl % % (a/3) 2 (atf - 3/. AH 2 , 
- 4 / 3 . # — 12/. H, 
U 1 = /*S — 3iF. where ft y\ ((3y) = 2H, 

a»P,{aPf= 2& 

1 furnishes twelve transformations by which the 2nd and 5th terms of/' vanish. 

b) r = x = 2. 

J(li) s = a z a /i I 

From §3, 4), b), by 7^ the first and last coefficients of G' % vanish ; also by Y % 
the 3rd and 4th terms of/' vanish. 

Therefore G x = (HI — //), where lis the covariant of the quintic of degree 

2 and order 2, and J is the covariant of degree 3 and order 3. 

c) r = 1, x = 2. 

/m)* — : a* a^ , 
/(c) 2 = a * "> • 

^ a = ^ftr^(a/3)(«r)H), 

=/a 2 ft^(aft 2 (aS) 

= / r. 

C 4 , a =a 2 ft^(a^(a5)=^. 

/a) — a» a A , 
/(A)s — a g a A . 



cient of (7i, 3 . 



By the transformations T 4> % the 3rd and 5th terms of/ vanish and the first coeffi- 
C li3 = (/# 2 — 16^ J 7 ) in Salmon's notation. 

* Salmon, " Mod. Higher Alg.," p. 319. 
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d) r=l,x = 3. 

fin.)* — <*«<*>» 
finY == a s a n I 

£«,s = <*J0*yJ(a0)(ay). 

= !/.#. 

^4,3 = ■#• 
/(A) — a « a A > 

/ (A )4 = a z a A . 

By r 4) 3 the 4th and 5th terms of/ vanish and the first coefficient of 0( t 2 . 

Therefore (7 1>2 = (I s — 27 J 2 ) where /and .7" are the same covariants men- 
tioned before for the quintic. 

4) Sextic. 

There are six cases : r = x = 1 ; r = x = 2 ; r = 1, * = 2; r = 1, x = 3 ; 
r = 2, x = 3; r = 1, x = 4. 

a) r = x = 1 . 

'(h) 6 = - a ii a iu 

Jill) ~~ */* */* » 

^i = ^ & yl $ e% il (a/3) (ay) (aS) (as) (ai). 

To express R± in terms of fundamental covariants multiply * 

(a/?) (ah) &«. = H («^) 3 ^ + H) 3 # ~ (W 2 < ] . 
by (ay) (as) y„ e„ = i [ (ay) 2 e 2 + (ae) 2 y\ — (ye) 3 a 2 ] , 

and then by a„ /?* y* 3* e* ^ (ai) ; 

we get 

^ =/ [2 #7 -/»#], 

Oi = 2 RT—P S. 
where 7= — (a£) 2 (ai) a* ft •' . 



&) r = x = 2. 



2tf= (y»)»rJ4- 

/m 4 = °V a i» > 
/ w 3 = a* a*. 



* Stephanos, "M&n. des Sav. Etr.," Vol. XXVII,p. 116. 
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Even in this case the formula §3, 3) is complicated and it is not easy to 
express in fundamental co variants in such a way that / will divide out. 

By T 2 the 3rd and 5th terms of/' vanish and also the first and last coeffi- 
cients of G' % . 

Therefore ~O t = (fS* - 1 6 HT) . 

c) r = 1, x = 2. 

/' — 4 2 
(fi)2 — &e CLfj. • 

K* = < Pkti K. <£ («/8) («y) H) M- 

By !T M the 2nd and 5th terms of/' vanish and the 1st term of C 5 ' 3 . 
Therefore C 5> 2 = (/ 8 /S f — 3 LP) Salmon's notation. 

/(A) = a z a kl 

fix)* — a z a K . 

By T^ % the 3rd and 6th terms of/' vanish and the first term of G[ A . 
Therefore 

O hi = C?.,. G iA - 2 C£ t . I,. G, A + 36 O iJt . G iA M + 3 [G 3 \ + 4 C| 4 . C M ]. 

(Notation of E. B. Elliott in "Algebra of Quantics.") 
<2) r=l, k=3. 

/^)5 = o^ a> • 

i2M = «Jfty»S»(a0)(ay)(aS), 
= /.a»^yJ;(a/3)»(a«) I 

= / T- 

C 5 , s = alfcyl(aPy(aS)=T. 

f[\) = a s a k> 
J(\)> — a s a \ • 

Cj.3 is of degree twelve and order seven, but the covariants required to ex- 
press it are of too high an order to handle easily. 

e) r = 2, x = 3. 

/ 2 4 

J(n)* a 2« f i 

/(c) 3 =a z a iJ.- 
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By T^ 3 the 3rd and 4th terms off vanish and the first term of G' it s . 

Therefore 

C 43 = US — fT. (Salmon's notation). 

/). r- 1,* = 4. 

/ lit. 15 — '■ &z 06^ , 

•/((») * -— a z a n- 

/(A) = a^a^, 
(x)» — a e a^. 

In this case G h2 is complicated and requires covariants of a high order to express it. 

Whenever the 2nd and 3rd terms of a quantic vanish G„_ r<K is always the 
Hessian, and whenever the 2nd and 4th terms off vanish C n _ r , K is the Jacobian 
or T. 

In general when two adjacent terms of a quantic vanish C n _ rK &nd G rt „_ K 
will be Hessians of some order ; and when only one term appears between the two 
which vanish, then (?„_,, K and G r< „_ K will be Jacobians of some order. 

A Hessian of higher order may be denned up to a numerical factor as the 
result of eliminating z between. 

ai +1 a*- r ~ l r=(l, 2, n — 2) 

and then dividing out/= a* . 

Similarly a Jacobian of higher order may be defined up to a numerical factor 

as the result of eliminating z between. 

ai +a a*- r - a (r= 1, 2, .... n — 3), 

and then dividing out /= a". 

When r = 1, 2, 3 .... etc., we have Hessians and Jacobians of the 1st, 2nd, 

3rd .... etc., orders respectively. 

These examples comprise all the canonical forms, in which two terms vanish 

simultaneously by linear transformation, of the non-singular cubic, quartic, quintic 

and sextic. 

Deo. 22, 1900. 



